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Abstract
We find the explicit form of two-point function for the conformal spin-2 energy mo-
mentum operators on the near horizon of a near extremal Kerr black hole by variation
of a proper boundary action. In this regard, we consider an appropriate boundary
action for the gravitational perturbation of the Kerr black hole. We show that the
variation of the boundary action with respect to the boundary fields yields the two-
point function for the energy momentum tensor of a conformal field theory. We find
agreement between the two-point function and the correlators of the dual conformal
field theory to the Kerr black hole.
1amg142@campus.usask.ca
1 Introduction
The holography for rotating black holes provides a description of black hole physics in terms
of a certain two-dimensional conformal field theory (CFT). The first realization of the holog-
raphy for rotating black holes was proposed for extremal Kerr black hole in [1]. The proposal
states that the near horizon geometry of the extremal Kerr black hole does have a dual holo-
graphic description in terms of a two-dimensional chiral CFT. The proposal has been studied
and extended extensively for other extremal or near extremal rotating black holes [2]-[9]. For
all extremal and near-extremal black holes in different dimensions, the physical quantities
associated to black hole (such as the entropy or scattering cross section) are in agreement
with the corresponding microscopic dual quantities in CFT. Moreover, inspired by the fact
that near horizon region of a near extremal Kerr black hole contains a two dimensional copy
of Anti de Sitter, a field theoretic calculation can be done to find the two-point correlation
functions of conformal fields with different spin. Explicitly, in [10], the two-point correlation
functions of spinor fields were constructed by calculating the on-shell gravitational action for
the spinor fields with appropriate boundary condition. Though the on-shell bulk action for
the spinor fields vanishes, however one can add a boundary term to the gravitational action
which doesn’t vanish on-shell [11]. The variation of the boundary action yields the proper
two-point correlation functions for the conformal operators. In a recent article [12], the au-
thors used an appropriate boundary action for the vector fields to calculate the two-point
functions of conformal vector fields. In this article, we derive the two-point function for the
energy-momentum tensor fields in the background of Kerr black hole. The first step is to find
an appropriate boundary action for the spin-2 fields. In this regard, we write the Einstein-
Hilbert action as the summation of two actions. The first action is a bulk action that unlike
the Einstein-Hilbert action depends only on the metric tensor and its first derivative. Al-
though the bulk action is not a scalar under the general coordinate transformations, however
it leads to the same Einstein’s field equations. The second action is a boundary action that
depends on the metric tensor and the Christofel symbols. We consider the boundary action
and calculate it on-shell to find the two-point functions for the spin-2 energy momentum
tensor fields, on the near horizon region of the Kerr black hole. We then compare the result
of our calculation to the correlation functions for spin-2 conformal operators in a conformal
field theory.
The paper is organized as follows. In section 2, we consider an appropriate boundary
action to calculate the two-point functions of conformal energy-momentum tensor operators.
In section 3, we review the gravitational perturbation of the Kerr black hole in Newman-
Pernrose formalism and present the radial and angular Teukolsky equations. We notice that
two Weyl scalars have separable decompositions in terms of radial and angular coordinates.
We also present the explicit expressions for the spin coefficients in terms of the Teukolsky
functions and their derivatives. We then calculate and present explicitly all the components
of the gravitational perturbation field, as a bilinear form in terms of the radial and angular
Teukolsky functions. Moreover, as the boundary action is over the horizon of the black
hole, we present approximate solutions for the radial Teukolsky functions. In section 4,
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we explicitly calculate the boundary action on-shell and show that taking the functional
derivatives of the action with respect to the boundary fields (that are dual to the conformal
energy-momentum tensor operators), yields the two-point function of boundary conformal
operators. We discuss about the results and note that one part of the two-point function
can be written in terms of the retarded Green’s function for the spin-2 fields, in agreement
with previous suggestions in [13]. In section 5, we show that our field-theoretical two-point
function can be matched to the Fourier transform of the finite temperature two-point function
for spin-2 operators, by proper choice of conformal weights.
2 Boundary action for gravitational perturbations of a
black hole
The gravitational action for a general four-dimensional curved spacetimeM with a boundary
∂M is given by
S = SEH + SGH , (2.1)
where SEH =
1
16pi
∫
M
d4x
√−gR and SGH is the Gibbons-Hawking boundary action. The
bulk action SEH depends on the second order derivatives of the metric field gµν . However,
we can use the following identity (2.2) to obtain a bulk action that depends only on the
metric field and the first order derivatives of the metric field. In fact,
SEH = S1 +
1
16π
∫
∂M
d3x
√−g{gµνΓσνσ − gσνΓµσν}, (2.2)
where S1 =
1
16pi
∫
M
d4x
√−ggµν{ΓτµνΓστσ − ΓτµσΓστν}. The bulk action S1 clearly depends on
the gravitational field and its first derivatives and resembles to the action for a scalar field or
spinor or electromagnetic field that only depends on dynamical field and its first derivatives.
We note that the Einstein-Hilbert actions SEH and S1 (together with the Gibbons-Hawking
boundary action) lead to the same Einstein field equations for the gravitational field, however
the Einstein-Hilbert action SEH is definitely invariant under the general coordinate trans-
formations, while S1, in general is not invariant. In this aricle, we consider the action (2.1)
in the background of the Kerr black hole and use the boundary part of the action (2.2)
SB =
1
16π
∫
r=rB
d3x
√−g{grνΓσνσ − gσνΓrσν}, (2.3)
to calculate the two point functions of spin 2 gravitational perturbation fields h˜µν , where
gµν = g
(0)
µν + ǫh˜µν . In (2.3), the hypersurface r = rB is the boundary of near-NHEK geometry
of Kerr black hole. The g
(0)
µν describes the Kerr black hole which the line element in Boyer-
Lindquist coordinates is given by
ds2 = −∆
ρ2
(
dt− a sin2 θdφ)2 + ρ2
∆
dr2 + ρ2dθ2 +
sin2 θ
ρ2
(
adt− (r2 + a2) dφ)2 , (2.4)
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where ρ2 = ρ¯ρ¯∗, ρ¯ = r + ia cos θ and ∆ = r2 + a2 − 2Mr. Moreover the field h˜µν is the
spin 2 field which represents the gravitational perturbation of the Kerr black hole (2.4). We
present explicitly the different components of h˜µν in section 3.
The Newman-Penrose null vectors li, i = 1, · · · , 4 for the Kerr black hole (2.4) are given
by
l1 = ∆−1
(
r2 + a2,∆, 0, a
)
, (2.5)
l2 =
1
2ρ2
(
r2 + a2,−∆, 0, a) , (2.6)
l3 =
1
ρ¯
√
2
(
ia sin θ, 0, 1,
i
sin θ
)
, (2.7)
l4 =
1
ρ¯∗
√
2
(
−ia sin θ, 0, 1,− i
sin θ
)
. (2.8)
In Newman-Penrose null-basis (2.5)-(2.8), the Weyl scalars Ψ0,Ψ1,Ψ3 and Ψ4 and spin co-
efficients κ, σ, λ and ν for the Kerr black hole (2.4) are zero, while Ψ2 and the other eight
spin-coefficients are not zero (Appendix A). However, if we consider the gravitational per-
turbation of the Kerr black hole (2.4) by a field of spin 2, the Weyl scalars Ψ0,Ψ1,Ψ3 and
Ψ4 get first-order corrections. Moreover, the Weyl scalar Ψ2 and all the spin coefficients get
first-order corrections. We show the first-order corrections to any physical quantity by a
superscript (1), for example Ψ
(1)
0 . The Kerr black hole (2.4) is stationary and axisymmetric
and so, we consider the dependence of a spin 2 field to t and φ coordinates, in the background
of the Kerr black hole, as
hµν(t, r, θ, φ) = hµν(r, θ)e
−iωt+imφ, (2.9)
where m = 0, 1, 2, ... is the azimuthal number. We consider the different components of the
gravitational perturbations h˜µν as the real parts of hµν(t, r, θ, φ). In the Newman-Penrose
null basis (2.5)-(2.8), the components hµν(r, θ) are given by [14]
hµν = lµnν(1)+ lµ(1)nν+ lν(1)nµ+ lνnµ(1)− (mµm¯ν(1)+mνm¯µ(1)+mν(1)m¯µ+mµ(1)m¯ν), (2.10)
where for simplicity in notation, we denote the null vectors l1, · · · , l4 by l, n,m, m¯ respec-
tively. The vectors lµ(1) are, in general, a linear combination of the Newman-Penrose null-
basis vectors lν . We show the transformation matrix by A that transforms the null vector
basis li, i = 1, · · · , 4 into the null basis for the perturbation lµ(1) as lµ(1) = Aµν lν .
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3 Gravitational perturbation field
To evaluate the on-shell boundary action (2.3), we use the explicit representation for the
gravitational perturbation (2.10). The different components of hµν are given by [14]
htt =
(r2 + a2)2
ρ2∆
(A11 + A
2
2 + F
1
2 + F
2
1 )−
a2 sin2 θ
ρ2
(A33 + A
4
4 − ρ2(F 34 + F 43 ))
+
√
2
∆
ia(r2 + a2)(C1 +B2) sin
2 θ, (3.1)
hrr = −∆
ρ2
(A11 + A
2
2 − F 21 − F 12 ), (3.2)
hθθ = − 1
ρ2
(A33 + A
4
4)− F 34 + F 43 , (3.3)
hφφ =
a2
ρ2∆
(A11 + A
2
2 + F
2
1 + F
1
2 )−
1
ρ2 sin2 θ
(A33 + A
4
4 − ρ2(F 43 + F 34 )) +
√
2
∆ sin θ
ia(C1 +B2),
(3.4)
htr = −r
2 + a2
ρ2
(F 12 − F 21 ) +
ia sin θ√
2
(H − J − C2), (3.5)
htθ = ia(F 34 − F 43 ) sin θ +
r2 + a2√
2∆
(F +G−B1), (3.6)
htφ =
(r2 + a2)a
ρ2∆
(A11 + A
2
2 + F
2
1 + F
1
2 )−
a
ρ2
(A33 + A
4
4 − ρ2F 43 − ρ2F 34 )
+
i√
2∆ sin θ
{r2 + a2(1 + sin2 θ)}(C1 +B2), (3.7)
hrθ = − 1√
2
(F −G+H + J), (3.8)
hrφ = − a
ρ2
(F 12 − F 21 ) +
i√
2 sin θ
(H − J − C2), (3.9)
hθφ =
i(F 34 − F 43 )
sin θ
+
a√
2∆
(F +G− B1). (3.10)
In equations (3.1)-(3.10), the different components of the matrix F are related to the com-
ponents of A, up to different multiplicative functions. In fact, we have
F 21 =
2ρ2
∆
A21, F
1
2 =
∆
2ρ2
A12, F
4
3 =
1
ρ¯2
A43, F
3
4 ==
1
(ρ¯∗)2
A43. (3.11)
The other quantities F,G,H, J, B1, B2, C1, C2 in equations (3.1)-(3.10), are also certain linear
combinations of the different components of A. As an example, B1 = F
3
1 + F
3
2 + F
4
1 + F
4
2 .
The Weyl scalars Ψ
(1)
0 , Ψ
(1)
1 and the spin connections κ
(1), σ(1) satisfy three coupled linear
Newman-Penrose differential equations. Similarly the other two Weyl scalars Ψ
(1)
3 , Ψ
(1)
4
4
and the spin connections λ(1), ν(1) satisfy three coupled linear Newman-Penrose differential
equations. The most important result is that one can decouple the set of first three differential
equations as well as the second set of differential equations. In fact, we get two decoupled
differential equations for the Weyl scalars Ψ
(1)
0 and Ψ
(1)
4 as(
∆D1D†2 + L†−1L2 − 6iωρ¯
)
Ψ
(1)
0 = 0, (3.12)
and (
∆D†−1D0 + L−1L†2 + 6iωρ¯
)
(ρ¯∗)4Ψ
(1)
4 = 0. (3.13)
In equations (3.12) and (3.13), the differential operators Dn,D†n,Ln,L†n where n ∈ Z, are
given by
Dn = ∂
∂r
+
iK
∆
+ 2n
(
r −M
∆
)
, D†n =
∂
∂r
− iK
∆
+ 2n
(
r −M
∆
)
, (3.14)
Ln = ∂
∂θ
+Q + n cot θ, L†n =
∂
∂θ
−Q + n cot θ. (3.15)
In equations (3.14) and (3.15), the r-dependent function K is given by K = − (r2 + a2)ω +
am and the θ-dependent function Q is given by Q = −aω sin θ + m
sin θ
. We can separate the
variables in the partial differential equations (3.12) and (3.13) according to
Ψ
(1)
0 = R+2(r)S+2(θ), (3.16)
and
Ψ
(1)
4 =
1
(ρ¯∗)4
R−2(r)S−2(θ), (3.17)
where R±2 and S±2 are called the Teukolsky functions. After substituting (3.16) and (3.17)
in (3.14) and (3.15), respectively, we find that the radial Teukolsky functions R±2 satisfy the
equations (
∆D1D†2 − 6iωr
)
R+2 = λ¯R+2, (3.18)(
∆D†−1D0 + 6iωr
)
R−2 = λ¯R−2, (3.19)
and the angular Teukolsky functions S±2 satisfy the equations(
L†−1L2 + 6aω cos θ
)
S+2 = −λ¯S+2, (3.20)(
L−1L†2 − 6aω cos θ
)
S−2 = −λ¯S−2. (3.21)
We note that in equations (3.18)-(3.21), λ¯ denotes the separation constant. We can utilize the
ten degrees of freedom that exist in describing the gravitational perturbation to fix the gauge
freedom and so set some conditions on physical quantities. These ten degrees of freedom
5
include six degrees of freedom corresponding to the rotation of the tetrad basis and four
degrees of freedom corresponding to the translation of the coordinates. A straightforward and
lengthy calculation shows that the Weyl scalars Ψ
(1)
0 and Ψ
(1)
4 are gauge invariant, however
Ψ
(1)
1 and Ψ
(1)
3 are not gauge invariant. So, we use four degrees of freedom corresponding to
the rotations of tetrad basis, to set Ψ
(1)
1 = Ψ
(1)
3 = 0. This is a a proper choice for the Weyl
scalars. A great advantage of choosing this gauge is that the spin coefficients can be written
directly in terms of the radial and angular Teukolsky functions. In fact, we find the following
relations for spin coefficients κ(1), σ(1), λ(1) and ν(1) in terms of the Teukolsky functions and
their derivatives,
κ(1) = −
√
2
6M
(ρ¯∗)2R+2(L2 − 3ia sin θ
ρ¯∗
)S+2, (3.22)
σ(1) =
1
6Mρ¯
(ρ¯∗)2S+2∆(D†2 −
3
ρ¯∗
)R+2, (3.23)
λ(1) =
1
3Mρ¯∗
S−2(D0 − 3
ρ¯∗
)R−2, (3.24)
ν(1) =
√
2
6Mρ2
R−2(L†2 −
3ia sin θ
ρ¯∗
)S−2. (3.25)
Moreover, we can use two coordinate degrees of freedom to set Ψ
(1)
2 = 0. We then have two
remaining tetrad degrees of freedom and two coordinate degrees of freedom. We can use
these four degrees of freedom to set all the diagonal elements of matrix A equal to zero;
Aii = 0, i = 1, · · · , 4. The function B2 in equations (3.1), (3.4) and (3.7) is given by [14]
B2 =
∆
iK
{a(K + ρ
2ω) cos θ
rρ2KQ sin θ
Z2 +
1
K cos θ
{X2 − (rω
K
+
r
ρ2
− r −M
∆
)Z1}}, (3.26)
in terms of three new functions Z1(r, θ) = K(J −H) cos θ, Z2(r, θ) = −irQ(F +G) sin θ and
X2(r, θ). In what follows, we notice that these new functions can be expresses in terms of
Teukolsky functions. Moreover, function C1 in equations (3.1), (3.4) and (3.7) is given by
C1 =
ir(−aQ2 sin θ + ρ2ω) cos θ
ρ2KQ sin θ
Z1 − i
rQ2 sin θ
{Y2 + (aω cos θ
Q
− (r
2 + a2) cot θ
ρ2
)Z2}, (3.27)
in terms of another new function Y2(r, θ). We notice later that the new function Y2 also can
be expressed in terms of Teukolsky functions. The function B1 in (3.6) and (3.10) and C2 in
(3.5), (3.9) are given by
B1 =
∆
iK
{2ia cos θ
ρ2
C1 − ∂
∂r
(J +H)}, (3.28)
C2 =
1
Q
{−2iar sin θ
ρ2
B2 +
1
sin θ
∂
∂θ
(F −G) sin θ}. (3.29)
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The relevant combinations of components of F that appear in equations (3.1)-(3.7), (3.9)
and (3.10) are given by
F 12 + F
2
1 =
√
2
iK
{ −ia
rKQ cos θ
[r2Q sin θZ1 − aK cos2 θZ2] + [k, ν] + [k, ν]∗}, (3.30)
F 43 + F
3
4 =
√
2
iaQρ2 sin θ
{ ia
rKQ cos θ
[r2Q sin θZ1 − aK cos2 θZ2] + [λ, σ] + [λ, σ]∗}, (3.31)
F 12−F 21 =
√
2
Q
{−iK
2ρ4 − 2a2∆2 cos2 θ
2∆K2ρ2 cos2 θ
Z1− ia∆cos θ
rKQ sin θ
[(
r −M
∆
− r
ρ2
)Z2−X1]− ∆
2ρ2
∂
∂r
ρ4
∆
B2+ < k, ν >},
(3.32)
F 34−F 43 =
−√2
iKρ2
{iQ
2ρ4 + 2a2r2 sin2 θ
2rρ2Q2 sin2 θ
Z2+
iar sin θ
KQ cos θ
[
(r2 + a2) cot θ
ρ2
Z1+Y1]− 1
2ρ2
(
∂
∂θ
−cot θ)ρ4C1+ < λ, σ >},
(3.33)
where [κ, ν] and < κ, ν > are given by
[κ, ν] =
ρ4ρ¯
2∆
{L1(ρ
2ν(1)∗)
ρ2ρ¯∗
− ia sin θ
ρ¯2
ν(1)}+ ∆
8
{ρ¯2L†1(
κ(1)∗
ρ¯2
)− ia sin θ
ρ¯∗
κ(1)}, (3.34)
and
< κ, ν >=
1
2ρ2
{∆
2
(ρ¯∗κ(1)∗ − ρ¯κ(1)) + 2ρ
4
∆
(ρ¯∗ν(1) − ρ¯ν(1)∗)}. (3.35)
Moreover, [λ, σ] and < λ, σ > stand for
[λ, σ] =
(ρ¯∗)2
2
√
2
{D0(ρ¯∗λ(1)) + ∆
2ρ2
σ(1)∗} − ρ
2
2
√
2
{∆ ρ¯
∗
2ρ¯
D†1
ρ¯σ(1)
(ρ¯∗)2
+
ρ¯
ρ¯∗
λ(1)∗}, (3.36)
< λ, σ >=
1√
2ρ2
{ρ¯2(ρ2λ(1)∗ − 1
2
∆σ(1))− (ρ¯∗)2(ρ2λ(1) − 1
2
∆σ(1)∗)}, (3.37)
where the spin coefficients κ(1), ν(1), λ(1) and σ(1) are given by (3.22)-(3.25), respectively. We
notice that all components of the gravitational perturbation, except (3.8) are combinations of
six functions X1, X2, Y1, Y2, Z1, Z2. We use some other known relations to determine and fix
these six functions. The summation of Y1 and Y2 as well as X1 and X2 are given respectively
by
Y1 + Y2 = [S]
− cos θ(F1 − 4rK
ρ2
F2) +
i
a
[S]+(F3 − 4rK
ρ2
F4), (3.38)
and
X1 +X2 =
r[P ]+
a∆
(G1 − 4a
2Q cos θ
ρ2
G2) +
−i[P ]−
∆
(G3 − 4a
2Q cos θ
ρ2
G4), (3.39)
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where the r-dependent functions Fi, i = 1, · · · , 4 are
F1 = K[DDP ]
+ + 2rω[DP ]+, (3.40)
F2 = r[DDP ]
+ − [DP ]+, (3.41)
F3 = 3Kr[DDP ]
− − 2α2ω[DP ]− − 6rω[P ]−, (3.42)
F4 = r
2[DDP ]− − r[DP ]−. (3.43)
The different functions that appear in right hand side of equations (3.40)-(3.43) are combi-
nations of the radial Teukolsky functions R±2 and their derivatives as
[P ]± = P+ ± P−, (3.44)
[DP ]± = D†0P+ ±D0P−, (3.45)
[DDP ]± = D†0D†0P+ ±D0D0P−, (3.46)
where P+ = ∆
2R+2, P− = R−2. Moreover, the θ-dependent functions Gi, i = 1, · · · , 4 in
(3.39) are
G1 = Q[LLS]
− + 2aω[LS]− cos θ, (3.47)
G2 = [LLS]
− + [LS]− sin θ, (3.48)
G3 = 3Q[LLS]
+ cos θ +
2α2ω
a
[LS]+ + 6aω[S]+ sin θ cos θ, (3.49)
G4 = [LLS]
+ cos2 θ + [LS]+ sin θ cos θ, (3.50)
where [S]±, [LS]± and [LLS]± are combinations of angular Teukolsky functions and their
derivatives as
[S]± = S+ ± S−, (3.51)
[LS]± = L2S+ ± L†2S−, (3.52)
[LLS]± = L1L2S+ ±L†1L†2S−. (3.53)
We denote the angular Teukolsky functions S±2 by S± in (3.51)-(3.53) to simplify the no-
tation. The constant α in equations (3.42) and (3.49) is α2 = a2 + am
ω
. A straightforward
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calculation shows that
[DP ]± =
−iK
∆
[P ]∓ +
d
dr
[P ]±, (3.54)
[DDP ]± =
−iK
∆
[DP ]∓ +
d
dr
[DP ]±
=
−iK
∆
(
−iK
∆
[P ]± +
d
dr
[P ]∓) +
d
dr
(
−iK
∆
[P ]∓ +
d
dr
[P ]±), (3.55)
[LS]± = Q[S]∓ + 2[S]± cot θ +
d
dθ
[S]±, (3.56)
[LLS]± = Q[LS]∓ + [LS]± cot θ +
d
dθ
[LS]±
= Q(Q[S]± + 2[S]∓ cot θ +
d
dθ
[S]∓) + (Q[S]∓ + 2[S]± cot θ +
d
dθ
[S]±) cot θ
+
d
dθ
(Q[S]∓ + 2[S]± cot θ +
d
dθ
[S]±). (3.57)
Moreover, we have the following equations
X1 −X2 = − D + Γ1
96M∆
√
2
(−i[P ]− + 4λ¯ω
D + Γ1
r[P ]+)I, (3.58)
and
Y1 − Y2 = D + Γ1
96M
√
2
{[S]− cos θ + 4ω(λ¯α
2 − 6a2)
a(D + Γ1)
[S]+}R, (3.59)
where
I = 1−λ¯aωβ1
{(2(Q cot θ − aω cos θ)(D − Γ1) + 8aωλ¯Q2 cos θ)[S]+
+ (−2Q2(D − Γ1)− 8aωλ¯( Q
sin θ
− aω cos2 θ))[S]−}, (3.60)
and
R = 4
B1(D + Γ1)
{(2K2(D + Γ1) + 8λ¯ωr(K(r−M)− rω∆)− 8λ¯ωK∆)[P ]+
+ (−8K2λ¯ωr + 2(D + Γ1)(K(r −M)− ωr∆))(−i[P ]−)}. (3.61)
In equations (3.58)-(3.61), D =
√
λ¯2 − 4α2ω2 is the Starobinsky constant and Γ1 = λ¯(λ¯ +
2)− 12α2ω2. So, as we notice, we can find the functions X1, X2, Y1, Y2 in terms of functions
[P ]± and [S]± and their first and second derivatives. Moreover, we are able to find the first
and second derivatives dP±
dr
, d
2P±
dr2
, dS±
dθ
and d
2S±
dθ2
in terms of Teukolsky functions. The first
derivatives of radial Teukolsky functions are given by
dP+
dr
=
−i
A3
{∆OP+ − ((A1 − A3K
∆
) + iA2)P−}, (3.62)
dP−
dr
=
i
A3
{∆O∗P− − ((A1 − A3K
∆
)− iA2)P+}, (3.63)
(3.64)
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where
O = D + iO2 = D − iΓ2 = D − 12iMω, (3.65)
A1 = ∆Γ1 − 4λ¯K2 + 24ωK(a2 −Mr), (3.66)
A2 = −∆Γ2 − 4λ¯(K(r −M) + r∆ω) + 24ωrK2, (3.67)
A3 = −8K3 + 8K(a2 −M2)− 8ω∆(a2 −Mr) + 4λ¯K∆. (3.68)
Moreover, the derivatives of angular Teukolsky functions are given by
dS+
dθ
= −(2 cot θ +Q + α1 + α2
β1
)S+ +
D
β1
S−, (3.69)
dS−
dθ
= −(2 cot θ −Q+ −α1 + α2
β1
)S− − D
β1
S+, (3.70)
where the angular functions α1, α2 and β1 are
α1 = λ¯(λ¯+ 2)− 12α2ω2 + 24aωQ
sin θ
− 4λ¯Q2, (3.71)
α2 = −24aωQ2 cos θ + 4λ¯(Q cot θ + aω cos θ), (3.72)
β1 = 8Q
3 − 8Q cot2 θ − 4(λ¯+ 2)Q+ 8a ω
sinθ
. (3.73)
We can also find the second derivatives of Teukolsky functions in terms of Teukolsky func-
tions. As an example, we find that the second derivative of radial Teukolsky function P+
is
d2P+
dr2
= −iO∆{ 1
A′3
− ∆
′
A3
− ∆A2
A23
}P+
+ {∆
2(D2 +O22)
A23
+
i
A′3
((A1 − A3K
∆
) + iA2)− i
A3
((A1 − A3K
∆
)′ + iA′2)−
1
A23
((A1 − A3K
∆
) + iA2)
2}P−.
(3.74)
Using the first and second derivatives of the Teukolsky functions, we can express the functions
d[P ]±
dr
, d
2[P ]±
dr2
, d[S]
±
dθ
and d
2[S]±
dθ2
that appear in X1, X2, Y1, Y2 entirely in terms of Teukolsky
functions P± and S±. Moreover, the functions Z1 and Z2 are given by
Zi =
Zi1 + Zi2
Zi0
, (3.75)
where
Z11 = − (D + Γ1) aK cos θ
4Q
(
R
(
[S]− cos θ + 4
[S]+ ω
(
λ¯ α2 − 6 a2)
(D + Γ1) a
)
− 3 aωRI cos θ
Q
)
,
(3.76)
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Z12 =
K cos θ
[(
[LS]− −
(
cot θ + 3
aω cos θ
Q
)
[S]− +Q[S]+
)((
r2 − a2 cos2 θ) [DDP ]+ − 2 r[DP ]+)
− 2ia
(
[LS+]−
(
1
sin θ cos θ
+ 3
aω cos θ
Q
)
[S]+ +Q[S]−
)(
r[DDP ]− − [DP ]−) cos θ
+ 2 a2[DDP ]+ [S]− sin θ cos θ
]
, (3.77)
Z10 = ρ
2
(
Q2 − 1
sin2 θ
+
aω
Q sin θ
(
3 sin2 θ − 2 + 3 aω cos
2 θ sin θ
Q
))
, (3.78)
Z20 = ρ
2
(−K2 −M2 + a2
∆
− ω∆
K
(
1 + 2
r (r −M)
∆
− 3 r
2ω
K
))
, (3.79)
Z21 = (D + Γ1)
arQ
4K
∆ I sin θ
((
−i[P ]− + 4 λω r[P ]
+
D + Γ1
)
1
∆
− 3 rωR
K
)
, (3.80)
Z22 =
rQ
a
[(
[DP ]+ −
(
r −M
∆
+ 3
rω
K
)
[P ]+ − iK[P ]
−
∆
)
× ((r2 − a2 cos2 θ) [LLS]− − 2 a2[LS]− sin θ cos θ)
− 2ar
(
i[DP ]− − i
(
Mr − a2
r∆
+ 3
rω
K
)
[P ]− +
K
∆
[P ]+
)
× ([LLS]+ cos θ + [LS]+ sin θ)+ 2r[LLS]−[P ]+] . (3.81)
We note that using equations (3.54)-(3.57), (3.44) and (3.51), we can express the functions
Zi, i = 1, 2 completely in terms of P± and S±. The expressions are very long and so we do
not present them here. Moreover, we find that all the spin coefficients (3.22)-(3.25) can be
written in terms of Teukolsky functions R± and S±
κ(1) =
−√2(a cos θ + ir)R+S+
6M sin θβ1
{(a sin θ cos θ + ir sin θ)(α1 + α2) + 3a cos2 θβ1 − 3aβ1}
+
√
2D(a cos θ + ir)2R+S−
6Mβ1
, (3.82)
σ(1) = −S+2R+(ir + a cos θ)
6A3M(ir − a cos θ) {∆
2aO cos θ + i∆2Or + A3(−4iMa cos θ + 4iar cos θ
+ 4Mr + iKr +Ka cos θ − 4r2 + 3∆)}
− R−S+
6A3∆M(a cos θ − ir)(∆A1 −KB1 + iA2∆)(a cos θ + ir)
2, (3.83)
λ(1) =
S−R−
3MA3∆(r − ia cos θ)2{∆
2aO∗ cos θ +KaA3 cos θ + i∆
2O∗r + irKA3 − 3∆A3}
+
S−R+
3A3M(ir + a cos θ)
{∆(A1 − iA2)−KA3}, (3.84)
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ν(1) =
√
2R−S−
6M sin θβ1ρ2(ir + a cos θ)
{(a sin θ cos θ + ir sin θ)(α1 − α2)− 3a cos2 θβ1 + 3aβ1}
−
√
2DR−S+
Mβ1ρ2
. (3.85)
Furnished by all necessary functions that appear in gravitational perturbation, we find that
all components of the gravitational field (3.1)-(3.10) can be written as
hµν =
∑
i,j=+,−
fµνij (r, θ)Pi(r)Sj(θ), (3.86)
where
fµνij = f
µν(−1)
ij ∆
−1 + f
µν(0)
ij ∆
0 + · · · . (3.87)
As an example, we find that the functions f
rr(−1)
ij and f
rr(0)
ij are
f
rr(−1)
++ =
2
√
2ar sin2 θQA3
2K
F {12M sin θ cos
2 θa2β1ωr + 3K sin θ cos θaβ1ωr
2 − 4M sin θ cos θQ2aβ1r
+ 4DM sin θ cos θQar + 4M sin θ cos θQaα1r + 4M sin θ cos θQaα2r +K sin θQα2r
2
− 2K cos θQa2β1 +K cos θQβ1r2 + 4MQaβ1r +K cos3 θQa2β1 −K sin θQ2β1r2 −DK sin θQr2
+ K sin θQα1r
2 −K sin θ cos2 θQa2α2 + 4 sin θ cos θQ2aβ1r2 − 4D sin θ cos θQar2
− 4 sin θ cos θQaα1r2 − 4 sin θ cos θQaα2r2 + 2iKQaβ1r − 3K sin θ cos3 θa3β1ω
+ K sin θ cos2 θQ2a2β1 − 12 sin θ cos2 θa2β1ωr2 +DK sin θ cos2 θQa2 −K sin θ cos2 θQa2α1
− 4Qaβ1r2 + 6iK sin θ cos2 θa2β1ωr − 2iK sin θ cos θQ2aβ1r + 2iDK sin θ cos θQar
+ 2iK sin θ cos θQaα1r + 2iK sin θ cos θQaα2r}, (3.88)
where F is given by
F = ρ4Kβ1A32
(
3a2 cos4 θω2 + 3 sin θ cos2 θQaω +Q4 cos2 θ − 3 cos2 θa2ω2 − sin θQaω −Q4 +Q2) ,
(3.89)
and
f
rr(0)
++ =
−2√2ar sin2 θQA3
F {4A3Qaβ1ωr
2 + 2A2KQaβ1r + 2A3K sin θ cos θQaα1 + 2A3K sin θ cos θQaα2
− iA2K cos3 θQa2β1 − iA2K sin θQα1r2 − iA2K sin θQα2r2 + 2iA2K cos θQa2β1 − iA2K cos θQβ1r2
+ 4iA1KQaβ1r + 12A3 sin θ cos
2 θa2β1ω
2r2 + iA2K sin θQ
2β1r
2 + 6A3K sin θ cos
2 θa2β1ω
+ iA2DK sin θQr
2 − 2A3K sin θ cos θQ2aβ1 + 2A3DK sin θ cos θQa + iA2K sin θ cos2 θQa2α2
+ 6A2K sin θ cos
2 θa2β1ωr − 4A3 sin θ cos θQ2aβ1ωr2 − 2A2K sin θ cos θQ2aβ1r
+ 4A3D sin θ cos θQaωr
2 + 4A3 sin θ cos θQaα1ωr
2 + 4A3 sin θ cos θQaα2ωr
2 + 2A2DK sin θ cos θQar
+ 2A2K sin θ cos θQaα1r + 2A2K sin θ cos θQaα2r + 3iA2K sin θ cos
3 θa3β1ω
− iA2K sin θ cos2 θQ2a2β1 − iA2DK sin θ cos2 θQa2 + 12iA1K sin θ cos2 θa2β1ωr
− 4iA1K sin θ cos θQ2aβ1r − 3iA2K sin θ cos θaβ1ωr2 + 4iA1DK sin θ cos θQar
+ 4iA1K sin θ cos θQaα1r + 4iA1K sin θ cos θQaα2r + iA2K sin θ cos
2 θQa2α1 + 2A3KQaβ1}, (3.90)
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f
rr(−1)
−+ =
2
√
2ar sin2 θQA3
2K
F {−4Qaβ1r
2 + 4MQaβ1r +K cos
3 θQa2β1 −K sin θQ2β1r2 −DK sin θQr2
+ K sin θQα1r
2 +K sin θQα2r
2 − 2K cos θQa2β1 +K cos θQβ1r2 − 3K sin θ cos3 θa3β1ω
+ K sin θ cos2 θQ2a2β1 − 12 sin θ cos2 θa2β1ωr2 +DK sin θ cos2 θQa2 −K sin θ cos2 θQa2α1
− K sin θ cos2 θQa2α2 + 4 sin θ cos θQ2aβ1r2 − 4D sin θ cos θQar2 − 4 sin θ cos θQaα1r2
− 4 sin θ cos θQaα2r2 − 2iKQaβ1r − 6iK sin θ cos2 θa2β1ωr + 2iK sin θ cos θQ2aβ1r
− 2iDK sin θ cos θQar − 2iK sin θ cos θQaα1r − 2iK sin θ cos θQaα2r + 12M sin θ cos2 θa2β1ωr
+ 3K sin θ cos θaβ1ωr
2 − 4M sin θ cos θQ2aβ1r + 4DM sin θ cos θQar + 4M sin θ cos θQaα1r
+ 4M sin θ cos θQaα2r}, (3.91)
f
rr(0)
−+ =
2
√
2ar sin2 θQA3
F {−4A3D sin θ cos θQaωr
2 − 4A3 sin θ cos θQaα1ωr2 − 4A3 sin θ cos θQaα2ωr2
− 2A2DK sin θ cos θQar − 2A2K sin θ cos θQaα1r − 2A2K sin θ cos θQaα2r + 3iA2K sin θ cos3 θa3β1ω
− iA2K sin θ cos2 θQ2a2β1 − iA2DK sin θ cos2 θQa2 + iA2K sin θ cos2 θQa2α1
+ iA2K sin θ cos
2 θQa2α2 − 6A2K sin θ cos2 θa2β1ωr + 4A3 sin θ cos θQ2aβ1ωr2
+ 2A2K sin θ cos θQ
2aβ1r − 4A3Qaβ1ωr2 − 2A2KQaβ1r − 2A3KQaβ1 − 12A3 sin θ cos2 θa2β1ω2r2
+ iA2K sin θQ
2β1r
2 − 6A3K sin θ cos2 θa2β1ω + iA2DK sin θQr2 + 2A3K sin θ cos θQ2aβ1
− 2A3DK sin θ cos θQa− 2A3K sin θ cos θQaα1 − 2A3K sin θ cos θQaα2 − iA2K cos3 θQa2β1
− iA2K sin θQα1r2 − iA2K sin θQα2r2 + 2iA2K cos θQa2β1 − iA2K cos θQβ1r2 + 4iA1KQaβ1r
− 4iA1K sin θ cos θQ2aβ1r − 3iA2K sin θ cos θaβ1ωr2 + 4iA1DK sin θ cos θQar
+ 4iA1K sin θ cos θQaα1r + 4iA1K sin θ cos θQaα2r + 12iA1K sin θ cos
2 θa2β1ωr}, (3.92)
f
rr(−1)
−− = −
√
2ar sin2 θQ
F {4iaA3
2K2 cos θ sin θQ2β1r + 2A3
2K2 cos θQβ1r
2 + 2 sin θA3
2K2Q2β1r
2
+ 8aA3
2KQβ1r
2 − 2 sin θA32K2Qα1r2 + 2 sin θA32K2Qα2r2 + 2 sin θA32DK2Qr2
− 4 cos θa2β1QA32K2 + 2A32K2 cos3 θQa2β1 − 8aA32KM cos θ sin θQ2β1r
− 8aA32KM cos θ sin θQα2r − 24a2A32KM cos2 θ sin θβ1ωr + 8aA32DKM cos θ sin θQr
+ 8aA3
2KM cos θ sin θQα1r − 4iaA32K2 cos θ sin θQα1r − 4iaA32DK2 cos θ sin θQr
+ 4iaA3
2K2Qβ1r + 6 sin θA3
2K2 cos θaβ1ωr
2 − 8aA32DK cos θ sin θQr2 − 8aA32K cos θ sin θQα1r2
+ 8aA3
2K cos θ sin θQα2r
2 + 8aA3
2K cos θ sin θQ2β1r
2 + 24a2A3
2K cos2 θ sin θβ1ωr
2
− 2 sin θA32K2 cos2 θQa2α2 − 6 sin θA32K2 cos3 θa3β1ω − 8aA32KMQβ1r
− 2 sin θA32DK2 cos2 θQa2 − 2 sin θA32K2 cos2 θQ2a2β1 + 2 sin θA32K2 cos2 θQa2α1
+ 4iaA3
2K2 cos θ sin θQα2r + 12ia
2A3
2K2 cos2 θ sin θβ1ωr}, (3.93)
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f
rr(0)
−− =
√
2ar sin2 θQ
F {4i cos θa
2β1QA2A3K + 2i sin θA2A3KQα1r
2 + 8aA3
2 cos θ sin θQα2ωr
2
− 8aA32 cos θ sin θQα1ωr2 − 8aA32D cos θ sin θQωr2 − 4aA2A3K cos θ sin θQα1r
+ 4aA2A3K cos θ sin θQα2r − 4aA2A3DK cos θ sin θQr + 2i sin θA2A3DK cos2 θQa2
− 2i sin θA2A3KQ2β1r2 − 2iA2A3K cos θQβ1r2 − 2i sin θA2A3KQα2r2 − 2iA2A3K cos3 θQa2β1
+ 4aA2A3K cos θ sin θQ
2β1r + 12a
2A2A3K cos
2 θ sin θβ1ωr + 2i sin θA2A3K cos
2 θQ2a2β1
+ 2i sin θA2A3K cos
2 θQa2α2 + 6i sin θA2A3K cos
3 θa3β1ω − 8iaA1A3KQβ1r − 2i sin θA2A3DKQr2
+ 8iaA1A3DK cos θ sin θQr + 8iaA1A3K cos θ sin θQα1r − 2i sin θA2A3K cos2 θQa2α1
+ 12a2A3
2K cos2 θ sin θβ1ω + 24a
2A3
2 cos2 θ sin θβ1ω
2r2 − 4aA32K cos θ sin θQα1
+ 4aA3
2K cos θ sin θQα2 + 4aA3
2K cos θ sin θQ2β1 + 4aA2A3KQβ1r − 4aA32DK cos θ sin θQ
+ 8aA3
2Qβ1ωr2 + 8aA3
2 cos θ sin θQ2β1ωr
2 − 24ia2A1A3K cos2 θ sin θβ1ωr
− 8iaA1A3K cos θ sin θQα2r − 6i sin θA2A3K cos θaβ1ωr2 − 8iaA1A3K cos θ sin θQ2β1r
+ 4aA3
2KQβ1}, (3.94)
f
rr(−1)
+− =
2
√
2ar sin2 θQA3
2K
F {3K sin θ cos
3 θa3β1ω +K sin θ cos
2 θQ2a2β1 − 12 sin θ cos2 θa2β1ωr2
+ DK sin θ cos2 θQa2 −K sin θ cos2 θQa2α1 +K sin θ cos2 θQa2α2 − 4 sin θ cos θQ2aβ1r2
+ 4D sin θ cos θQar2 + 4 sin θ cos θQaα1r
2 − 4 sin θ cos θQaα2r2 + 2iKQaβ1r
+ 6iK sin θ cos2 θa2β1ωr + 2iK sin θ cos θQaα2r + 2iK sin θ cos θQ
2aβ1r − 2iDK sin θ cos θQar
− 2iK sin θ cos θQaα1r + 4MQaβ1r −K cos3 θQa2β1 −K sin θQ2β1r2 −DK sin θQr2
+ K sin θQα1r
2 −K sin θQα2r2 + 2K cos θQa2β1 −K cos θQβ1r2 − 4Qaβ1r2
+ 12M sin θ cos2 θa2β1ωr − 3K sin θ cos θaβ1ωr2 + 4M sin θ cos θQ2aβ1r − 4DM sin θ cos θQar
− 4M sin θ cos θQaα1r + 4M sin θ cos θQaα2r}, (3.95)
f
rr(0)
+− =
2 iA3Qar
√
2 sin θ2
F {−4iA3D sin θ cos θQaωr
2 − 4iA3 sin θ cos θQaα1ωr2 − 2iA2DK sin θ cos θQar
− 2iA2K sin θ cos θQaα1r + 2iA2K sin θ cos θQaα2r + 4iA3 sin θ cos θQ2aβ1ωr2
+ 4iA3 sin θ cos θQaα2ωr
2 + 6iA2K sin θ cos θ
2a2β1ωr + 2iA2K sin θ cos θQ
2aβ1r − 4A1KQaβ1r
+ 12iA3 sin θ cos θ
2a2β1ω
2r2 + 6iA3K sin θ cos θ
2a2β1ω + 2iA3K sin θ cos θQ
2aβ1
− 2iA3DK sin θ cos θQa− 2iA3K sin θ cos θQaα1 + 2iA3K sin θ cos θQaα2 + 4A1DK sin θ cos θQar
+ 4A1K sin θ cos θQaα1r − 4A1K sin θ cos θQaα2r − 12A1K sin θ cos θ2a2β1ωr
− 4A1K sin θ cos θQ2aβ1r − 3A2K sin θ cos θaβ1ωr2 + 4iA3Qaβ1ωr2 + 2iA2KQaβ1r
+ 3A2K sin θ cos θ
3a3β1ω −A2K sin θ cos θ2Qa2α1 + A2K sin θ cos θ2Q2a2β1
+ A2DK sin θ cos θ
2Qa2 + A2K sin θ cos θ
2Qa2α2 + 2iA3KQaβ1 − A2K cos θ3Qa2β1
− A2K sin θQ2β1r2 − A2DK sin θQr2 − A2K sin θQα2r2 + 2A2K cos θQa2β1 −A2K cos θQβ1r2
+ A2K sin θQα1r
2}. (3.96)
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We also find similar expansions for all the other components of the gravitational field that
are very lengthy and so we do not present them. We note that all functions A1, A2 and A3
that appear in (3.88)-(3.96) have a linear dependence on ∆ while the other functions such as
β1, α1, α2 do not depend on ∆. A lengthy analysis shows that each component of f
µν
ij (that
appear in (3.87)) has a structure as
A+ C∆+ E∆2
B + F∆+ G∆2 , (3.97)
where the functions A,B, C, E ,F ,G do not depend on ∆. Moreover, we notice that the
presence of ρ in all components of the graviton hµν , makes the results (3.87) completely
non-separable in terms of coordinates r and θ. However, in calculation of the boundary
action, we consider a spherical boundary with radius rB as the boundary of the near-NHEK
geometry. We set the radial coordinate in ρ equal to rB and so ρB = ρ(r = rB) depends
only on θ. As a result, we check out explicitly that any single term in the expansion (3.86) is
completely separable in terms of coordinates r and θ. In other words, we can re-write (3.86)
as
hµν =
∑
i,j=+,−
χi
∑
ℵ
fµν1ijℵ(r)f
µν
2ijℵ(θ)Ri(r)Sj(θ), (3.98)
where χ+ = ∆B, χ− = 1, the over-line means that there is no summation over superscripts
µ and ν. The summation index ℵ in (3.98) shows all the individual terms that appear in
expansion (3.87), for example,
f rr1++1(r) = 24
√
2aQMωr2, (3.99)
f rr1++2(r) = 6
√
2a2ωQr3, (3.100)
(3.101)
and
f rr2++1(θ) =
− sin3 θ cos2 θ
ρ4B(3a
2ω2 sin2 θ cos2 θ +Qaω sin θ(1− 3 cos2 θ) +Q4 sin2 θ −Q2) , (3.102)
f rr2++2(θ) =
− sin3 θ cos θ
ρ4B(3a
2ω2 sin2 θ cos2 θ +Qaω sin θ(1− 3 cos2 θ) +Q4 sin2 θ −Q2) . (3.103)
Moreover as we consider the limit rB → r+, the metric function ∆B = ∆(r = rB) ap-
proaches to zero on the boundary. The smallness of ∆B enables us to find out the most
leading divergent term of any expression like (3.87) on the boundary, that contains a combi-
nation of powers of ∆ and general structure (3.97). We notice from (3.98) that all different
components of graviton in the Kerr background are bi-linear combinations of the radial and
angular Teukolsky functions R± = R±2(r) and S±(θ). The different solutions to the Teukol-
sky radial functions R±2 were obtained in [13] for near region, far region and the matching
region where r << 2r+, r >> r+(1 + τH) and r+(1 + τH) << r << 2r+, respectively. The
quantity τH is related to the Hawking temperature by τH = 8πMTH and is a very small
15
number for the near extremal Kerr black hole. In particular the solutions for the matching
region r+(1 + τH) << r << 2r+ are given by
R+2 = A+x
β−5/2 +B+x
−β− 5
2 , (3.104)
R−2 = A−x
β+ 3
2 +B−x
−β− 3
2 , (3.105)
where the new coordinate x is given by x = r−r+
r+
and
A± =
Γ (2β) Γ (1∓ 2− in)
Γ
(
1
2
+ β − i (n−m))Γ (1
2
+ β ∓ 2− im)τ−β+
1
2
−in
2
H = A±τ
−β+ 1
2
−in
2
H , (3.106)
B± =
Γ (−2β) Γ (1∓ 2− in)
Γ
(
1
2
− β − i (n−m))Γ (1
2
− β ∓ 2− im)τβ+
1
2
−in
2
H = B±τ
β+ 1
2
−in
2
H . (3.107)
In (3.106) and (3.107), m is the azimuthal number, n = 4(ω−mΩH )M
τH
where ΩH =
a
r2++a
2 shows
the angular velocity of the horizon. The constant β is
β2 =
1
4
+K
(2)
l − 2m2, (3.108)
where K
(2)
l is related to the separation constant λ¯ by K
(2)
l = λ¯ + 2amω + 2 and we choose
K
(2)
l ≥ 2m2 − 14 to have a real β. As we mentioned before, for the near extremal Kerr black
hole τH is a very small number and so for a fixed n, we find ω ∼ mΩH . So, we only consider
the graviton modes that their energies are almost equal to the super-radiant bound in the
background of a near extremal black hole. Moreover, for a near extremal Kerr black hole,
ΩH ∼ 12a and so we find a relation between the energy and azimuthal number as 2aω ∼ m.
In near horizon where x→ 0, we rewrite the solutions (3.104) and (3.105) as
R+ =
N+
τ
2+in/2
H
(
A+
(
r
τH
)β−5/2
+ B+
(
r
τH
)−β−5/2)
+ ..., (3.109)
R− = N−τ
2−in/2
H
(
A−
(
r
τH
)β+3/2
+ B−
(
r
τH
)−β+3/2)
+ .... (3.110)
In the near horizon limit, the Teukolsky radial functions satisy
D40R−2 =WR+2, (3.111)
where the Starobinsky constant W is equal to
|W|2 = λ¯(λ¯+ 2)2 − 8ω2λ¯{α2(5λ¯+ 6)− 12a2) + 144ω4(α4 +M2). (3.112)
Using equation (3.111), we find the ratio of the coefficients N+ and N− in the near horizon
limit, is given by
N−
N+
=
{λ¯4 + 4λ¯3 + (4 + 10m2)λ¯2 + 36m2λ¯+ 9m2(m2 + 4)}1/2r4+
n(n + 2i)(n2 + 1)
. (3.113)
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4 The boundary action for the gravitational perturba-
tion
In this section, we calculate the on-shell boundary action (2.3) and then find the two-point
function for the conformal energy-momrntum tensor operators. We find the following relation
for the measure function of the boundary action as
√−g =
√
−g(0){1 + ǫ
2
h˜+
ǫ2
8
(h˜2 − hµν h˜µν) +O(ǫ3)}, (4.1)
where g = det(gµν), g
(0) = det(g
(0)
µν ), h˜µν = g(0)µρg(0)νσh˜ρσ and h˜ = g
(0)
αβ h˜
αβ . Moreover, we
find that the Christoffel affine connection can be expanded in terms of ǫ as
Γρµν = Γ
(0)ρ
µν + ǫΓ
(1)ρ
µν + ǫ
2Γ(2)ρµν +O(ǫ
3), (4.2)
where
Γ(0)ρµν =
1
2
g(0)ρλ{∂µg(0)λν + ∂νg(0)µλ − ∂λg(0)µν }, (4.3)
Γ(1)ρµν =
1
2
{g(0)ρλ(∂µh˜λν + ∂νh˜µλ − ∂λh˜µν)− h˜ρλ(∂µg(0)λν + ∂νg(0)µλ − ∂λg(0)µν )}, (4.4)
Γ(2)ρµν = −
1
2
h˜ρλ{∂µh˜λν + ∂ν h˜µλ − ∂λh˜µν}. (4.5)
Substituting expressions (4.1) and (4.2) in (2.3), we find the only relevant terms in the
boundary action that lead to the proper two-point function are
S
(2)
B =
∫
r=rB
d3x
√
−g(0){g(0)rνΓ(2)σνσ +Γ(1)σνσ (
1
2
g(0)rνh˜−h˜rν)+Γ(0)σνσ (−
1
2
h˜h˜rν+
g(0)rν
8
(h˜2−h˜ρλh˜ρλ))}.
(4.6)
We notice the different components of the affine connections that appear in the integrand of
S
(2)
B are
Γ(0)σrσ =
1
2
g(0)σλg
(0)
λσ,r, (4.7)
Γ(1)σrσ =
1
2
{g(0)σλ(∂rh˜λσ + ∂σh˜rλ − ∂λh˜rσ)− h˜σλg(0)λσ,r}, (4.8)
and
Γ(2)σrσ = −
1
2
h˜σλ∂rh˜λσ. (4.9)
We write the gravitational perturbation h˜αβ as
1
2
(hαβe
−iωt+imφ + h∗αβe
iωt−imφ), and we find
that the boundary action (4.6) can be written as
S
(2)
B =
∫
r=rB
d3x
√−g{h∗αβΨαβγδhγδ + c.c.}, (4.10)
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where
Ψαβγδ = −g
rr
8
{∂r(gαγgβδ) + gαγgβδ∂r}+ g
rr
16
gαβ{gγδ∂r − gδγ,r} − 1
8
grαg
r
β{gγδ∂r − gδγ,r}
− 1
16
gσλgσλ,rgαβg
r
γg
r
δ +
grr
64
gσλgσλ,r(gαβgγδ − gαδgβδ). (4.11)
We note that in equations (4.10) and (4.11), for simplicity in notation, we omit the su-
perscript (0) for the Kerr background. From equation (3.98) on the boundary r = rB, we
find
hµν(rB) =
∑
ℵ,j=+,−
∆Bf
µν
1+jℵ(rB)f
µν
2+jℵ(θ)R+(rB)Sj(θ) +
∑
ℵ,j=+,−
fµν1−jℵ(rB)f
µν
2−jℵ(θ)R−(rB)Sj(θ)
≡ hµνB+ + hµνB−, (4.12)
where we define the boundary quantities
hµνB+
RB+
=
∑
ℵ,j=+,−
∆Bf
µν
1+jℵ(rB)f
µν
2+jℵ(θ)Sj(θ), (4.13)
and
hµνB−
RB−
=
∑
ℵ,j=+,−
fµν1−jℵ(rB)f
µν
2−jℵ(θ)Sj(θ). (4.14)
In equations (4.13) and (4.14), RB± means R±(rB). We find that the gravitational pertur-
bation field (3.98) is given by
hµν =
hµνB+
RB+
R+(r) +
hµνB−
RB−
R−(r), (4.15)
in terms of boundary fields (4.13) and (4.14). In other words, the gravitational perturbation
field can be split into two terms that in each term the non-radial dependence is included in
the boundary fields hµνB±. Moreover, we notice that (4.15) can be written as
hµν =
hµνB+
RB+
R+(r) +
1
∆B
F−+++ (θ)R−(r)(
hµνB+
RB+
)+ +
1
∆B
F−−+− (θ)R−(r)(
hµνB+
RB+
)−, (4.16)
where (
hµνB+
RB+
)± refers to the two terms in equation (4.13) with j = ± for the boundary field
hµνB+
RB+
. The θ-depedent functions F−+++ and F
−−
+− are given by
F−+++ (θ) =
∑
ℵ f
µν
1−+ℵ(rB)f
µν
2−+ℵ(θ)∑
ℵ f
µν
1++ℵ(rB)f
µν
2++ℵ(θ)
, (4.17)
and
F−−+− (θ) =
∑
ℵ f
µν
1−−ℵ(rB)f
µν
2−−ℵ(θ)∑
ℵ f
µν
1+−ℵ(rB)f
µν
2+−ℵ(θ)
, (4.18)
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respectively. After a lengthy calculation, we find that the second and third terms in (4.16)
are the dominant terms in the boundary action (4.10), which is
S
(2)
B =
1
∆2B
∫
r=rB
d3x
√−g{[F−+∗++ (θ)(
hαβ∗B+
R∗B+
)+ + F
−−∗
+− (θ)(
hαβ∗B+
R∗B+
)−][F
−+
++ (θ)(
hγδB+
RB+
)+ + F
−−
+− (θ)(
hγδB+
RB+
)−]
R∗−(r)ΨαβγδR−(r) + c.c.}. (4.19)
To calculate the integrals in (4.19), we need the derivatives of the radial Teukolsky functions
(3.109), (3.110) in near horizon limit where rB → r+. We find that the derivatives of radial
Teukolsky functions are
∂rR+(r) = (β − 5
2
)
1
r
R+(r)− 2βB+N+τ−in/2+β+1/2H r−β−7/2, (4.20)
∂rR−(r) = (β +
3
2
)
1
r
R−(r)− 2βB−N−τ−in/2+β+1/2H r−β+1/2. (4.21)
We note that the second term in right hand side of equation (4.20) (or (4.21) is of the order
of τ
β+1/2
H . For near extremal Kerr black hole τH → 0 and so we can ignore the second term
in right side of equation (4.20) (and (4.21)), compared to the first term where τH → 0. We
show the (t, φ)-dependence of the boundary fields by HαβB+(t, φ) and so rewrite the field hαβB+
as
hαβB+(t, θ, φ) = HαβB+(t, φ)Θαβ± (θ), (4.22)
where HαβB+(t, φ) is equal to ∆Be−iωt+imφRB+ for α, β = t, r, θ, φ and
Θαβ± =
∑
ℵ
[fαβ1+±ℵ(rB)f
αβ
2+±ℵ(θ)]S±(θ). (4.23)
As a result, the leading term in the boundary action becomes
S
(2)
B =
1
∆2B
∫
r=rB
d3x
√−g{[F−+∗++ (θ)Θαβ∗+ + F−−∗+− (θ)Θαβ∗− ](ΨB)αβγδ(rB, θ)[F−+++ (θ)Θγδ+ + F−−+− (θ)Θγδ− ]
× R
∗
−(rB)R−(rB)
R∗B+RB+
Hαβ∗B+ (t, φ)HγδB+(t, φ) + c.c.}, (4.24)
where
(ΨB)αβγδ(rB, θ) = {−g
rr
8
∂r(gαγgβδ) +
grr(β + 3/2)
8rB
(
1
2
gαβgγδ − gαγgβδ −
grαg
r
βgγδ
grr
)
+
1
8
(grαg
r
β −
1
2
grrgαβ)gδγ,r − 1
16
gσλgσλ,rgαβg
r
γg
r
δ +
grr
64
gσλgσλ,r(gαβgγδ − gαδgβδ)}|r=rB .
(4.25)
Using equations (3.109) and (3.110) for the Teukolsky radial functions, we find that the ratio
of boundary Teukolsky functions
R∗
−
(rB)R−(rB)
R∗B+RB+
in equation (4.24), is given by
R∗−(rB)R−(rB)
R∗B+RB+
=
N r8B{|A−|2 + (A−B∗− +A∗−B−)( rBτH )−2β + |B−|2(
rB
τH
)−4β}
n2(n2 − 4)(n2 + 1)2|A+|2 , (4.26)
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where N = λ¯4 + 4λ¯3 + (4 + 10m2)λ¯2 + 36m2λ¯ + 9m2(m2 + 4). We find the two-point
function of the boundary energy-momentum tensor operators Oαβ by taking the functional
derivative of the action (4.24) with respect to the rescaled boundary gravitational field HˆαβB+
as < OαβOγδ >= δ
2S
(2)
B
δHˆαβB+δHˆ
γδ
B+
. We find
< OαβOγδ >= δ
2S
(2)
B
δHˆαβB+δHˆγδB+
= r2β−8B
(
RB−
)∗
RB−
(RB+)
∗
RB+
Fαβγδ, (4.27)
where
Fαβγδ =
∫ pi
0
dθ sin(θ){[F−+∗++ (θ)Θαβ∗+ + F−−∗+− (θ)Θαβ∗− ](ΨB)αβγδ(rB, θ)[F−+++ (θ)Θγδ+ + F−−+− (θ)Θγδ− ]
+ [F−+++ (θ)Θ
αβ
+ + F
−−
+− (θ)Θ
αβ
− ](ΨB)αβγδ(rB, θ)[F
−+∗
++ (θ)Θ
γδ∗
+ + F
−−∗
+− (θ)Θ
γδ∗
− ]}ρ2B. (4.28)
We note that the rescaled boundary gravitational field HˆαβB+is given by HˆαβB+ =
H
αβ
B++H
αβ∗
B+
2∆Br
β−4
B
.
Using (3.106) and (3.107), we can rewrite (4.27) as
< OαβOγδ >= M8r2β−8B Fαβγδ{1 +M−2β
N
C G
∗
R +M
−2βN
C∗GR +NM
−4β|GR|2}, (4.29)
where we find that GR is given by
GR = T
2β
R
Γ(−2β)Γ(β − 3/2− im)Γ(1/2 + β − i(n−m))
Γ(2β)Γ(5/2− β − im)Γ(1/2− β − i(n−m)) , (4.30)
and
C = (λ¯− 2m2 − 2imβ)(λ¯− 2m2 − 2imβ + 2). (4.31)
As we notice, the second and third terms in bracket in equation (4.29) are complex
conjugate of each other and so we find a real-valued two-point function for the boundary
conformal operators. However according to similar analysis in [12], [10] and [15], we can
drop the second term in (4.29) to find a complex-valued two-point function for the boundary
conformal operators. We also notice that the coefficients of term GRFαβγδ in (4.29) depend
on the momentum and do not contribute to the GR, given by (4.30). Similar momentum-
dependent coefficients previously have been found for the two-point functions of spin-1/2
operators [10] as well as spin-1 operators [12]. Moreover, we note that the first term in
bracket in equation (4.29) is just a constant, compared to the third term that is proportional
to GR. The last term in (4.29) is very small compared to the third term, since according
to equation (4.26), the ratio of the last term to the third term is proportional to ( τH
M
)2β
where τH → 0. Hence we conclude that the field theoretical two-point function for spin-
2 conformal operators Oαβ on the boundary can be described by GRFαβγδ. The retarded
Green’s functions for fields with different spins were proposed in [13] and [16]. We note that
GR, as a part of two-point function GRFαβγδ for the boundary conformal operators, is in
perfect agreement with the proposed retarded Green’s function for spin-2 fields. We also
find that the absorption cross section of fields (with spin 2) is in exact agreement with the
result of paper [17] if we apply the optical theorem to the retarded Green’s function (4.30).
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5 Correlation function of spin-2 operators in CFT
The correlation functions for spin-2 operators in a conformal field theory have been found
in the context of gravitons in AdS/CFT correspondence [18, 19]. The two-point correlation
function for the spin-2 conformal operators on the boundary of a d + 1-dimensional AdS is
given by
〈Tαβ(~x)Tγρ(~y)〉 = C|~x− ~y|2d{
1
2
Uαγ(~x−~y)Uβρ(~x−~y)+Uαρ(~x−~y)Uβγ(~x−~y)− δαβδγρ
d
}, (5.1)
where C is a constant that depends on d and~x denotes a point on the boundary of AdS and
Uαβ(~x) = δαβ − 2xαxβx2 . The result is based on using the radiation gauge and time slicing
formulation.
We know that using other gauge conditions, the two-point function (5.1) takes a more
general form such as
〈Tαβ(~x)Tγρ(~y)〉 = Vαβγρ(~x− ~y)|x− y|2d , (5.2)
where the functional form of tensor Vαβγρ depends on the gauge condition. As the near
horizon of near extremal Kerr black hole contains a copy of 2-dimensional AdS, we expect
that the two-point function of spin-2 conformal operators is given by (5.2). However, we
notice that it would be a very difficult and even impossible task to find the functional form
of tensor Vαβγρ for the gauge conditions Ψ
(1)
1 = Ψ
(1)
3 = 0. We noticed that these proper
gauge conditions enable us to write the spin coefficients of the Kerr black hole, directly in
terms of the radial and angular Teukolsky functions. However, comparing the factorized
two-point functions of the spin-2 conformal operators (5.2) with the field-theoretic result
GRFαβγδ suggests that we may associate the retarded Green’s function GR to |~x− ~y|−2d. Of
course, we associate the remaining part of the two-point function Fαβγδ with the Lorentz
indices, to the tensor Vαβγδ in (5.2). We also note that we can find the finite temperature
two-point function of scalars [13, 16], spin-1/2 fermions [10] as well as spin-1 fields [12] from
the expression
〈OO〉 ∼
(
πTR
sinh
(
πTRt
+
12
)
)2hR (
πTL
sinh
(
πTLt
−
12
)
)2hL
, (5.3)
by proper identification of left and right conformal weights hL and hR. In (5.3), 1/TL
and 1/TR are the circumferences of two fundamental circles of a torus. In fact, for scalars
the conformal weights are equal hR = hL = β + 1/2. For spin-1/2 operators, the conformal
weights are hR = β+1/2 and hL = β and for spin-1 operators, they are given by hR = β+1/2
and hL = β − 1/2. The Fourier transform of the two-point function (5.3) is given by
F(〈OO〉) ∼ TR2β Γ (1− 2hR) Γ (1− 2hL)
Γ (1− hR − inR) Γ (1− hR + inR) Γ (1− hL − inL) Γ (1− hL + inL) ,
(5.4)
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where nR and nL stand for
iωR
2piTR
and iωL
2piTL
respectively. If we consider the right and left
conformal weights hR = β + 1/2 and hL = β − 3/2 for spin-2 operators, we then find
F(〈OO〉) ∼ TR2β Γ (−2β) Γ (1/2 + β − inR) Γ (β − 3/2− inL)
Γ (1/2− β − inR) Γ (−β + 5/2− inL) Γ (2β) . (5.5)
Moreover, we consider nL = m and nR = n −m in (5.5) and find an exact agreement with
the retarded Green’s function (4.30) that we found as a part of two-point function for spin-2
operators.
6 Concluding remarks
The energy-momentum tensor operators of the CFT that is dual to the near extremal Kerr
black hole couple to the gravitational boundary fields with spin-2 on the near horizon of near
extremal Kerr black hole. Hence we can find the two-point function of the energy-momentum
tensor operators by finding the explicit form of a boundary action that is bilinear in the
boundary fields. In this article, we construct explicitly such a boundary action and vary
the action with respect to the boundary fields. We derive the explicit expression for the
two-point function and note that the two-point function factorizes into two terms. We show
that the result for the two-point function is in agreement with correlation functions of spin-2
conformal operators in a dual CFT. We also note that one part of the result heavily depends
on the gauge choice that we made on fixing some of the Weyl scalars. Investigation about
the gauge dependence of the two-point function would be an interesting project. Moreover,
deriving the two-point function of the energy-momentum tensor operator with the primary
fields of the dual CFT would be useful to establish a stronger field-theoretic approach to
Kerr/CFT correspondence.
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A The spin coefficients and the Weyl scalars
The Ricci rotation coefficients are defined by
γabc = e
µ
ae
ν
cebµ;ν , (A.1)
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in terms of the vierbein field eµa and its covariant derivatives. The lower case Latin indices are
the tetrad indices a, b, c = 1, · · · , 4 while the Greek indices show the space-time indices µ, ν =
1, · · · , 4. The spin coefficients are different combinations of the Ricci rotation coefficients.
They are explicitly given by
κ = γ311, σ = γ313, λ = γ244, ν = γ242, ρ = γ314, µ = γ243, τ = γ312, π = γ241, (A.2)
α =
γ214 + γ344
2
, β =
γ213 + γ343
2
, ǫ =
γ211 + γ341
2
, γ =
γ212 + γ342
2
. (A.3)
Moreover, the Weyl tensor Cabcd is defined by
Cabcd = Rabcd +
1
2
{ηbcRad + ηadRbc − ηacRbd − ηbdRac + ηacηbd − ηadηbc
3
R}, (A.4)
in terms of the Riemann tensor Rabcd and the Ricci tensor Rab. The normalization matrix
ηab is defined by la · lb = ηab. The Weyl scalars Ψ0, · · · ,Ψ4 represent the independent
components of the Weyl tensor which are given by different contractions of the Weyl tensor
with the Newman-Penrose null vectors. They are given by Ψ0 = −C1313,Ψ1 = −C1213,Ψ2 =
−C1342,Ψ3 = −C1242,Ψ4 = −C2424.
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